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1. Prove from definitions:
(a) Every compact metric space is complete,
(b)Every totally bounded complete metric space is compact.
[10 4+ 15 = 25]
2. If X is a complete metric space and T": X — X is a function such

that for some constant ¢,0 < ¢ < 1, we have d(Tx,Ty) < c.d(z,y) for
all 2,y € X then show that 7" has a fixed point. [20]

3. If X is a compact metric space and T : X — X is an isometry then
show that T is onto. Give an example to show that if X is not compact
then this need not be true. [25]

4. If X is a metric space and C,(X) is the metric space of all bounded
continuous functions from X to R with the sup norm, then show that

(a) Cp(X) is complete.
(b) X embeds isometrically in Cy(X).
(c) If Cy(X) is a finite dimensional vector space then X is finite.

[10 + 10 + 10 = 30]



